Using intrinsic stratifications of CS sets, we provide a very short proof of the Goresky-MacPherson topological invariance of intersection homology.
is not itself new: They were used by King [11] to provide a sheaf-less proof of the topological invariance of singular chain intersection homology. However, King's proof is also somewhat intricate, involving an intertwined induction argument on three different statements. More recently, Chataur, Saralegi-Aranguren, and Tanre [3] have given another proof of topological invariance for much more general perversities. Their proof utilizes a Mayer-Vietoris argument and considerably simplifies King's proof when restricted to Goresky-MacPherson perversities. Nonetheless, the proof below is perhaps shorter still and also applies to variants of intersection homology that are so far only known to exist in sheaf-theoretic contexts, in particular the "torsion-sensitive intersection homology" introduced in [4] whose topological invariance will be treated in [6] .
To keep this note as brief as possible, we focus almost entirely on constant coefficients and Goresky-MacPherson perversities, i.e. the original theorem of Goresky-MacPherson [9, Theorem 4.1]. After the proof we remark on some generalizations that will follow from [6] . We refer to other sources for more detailed background, especially [5] for CS sets, Borel [1] for sheaf-theoretic intersection homology and the axiomatic approach to it, and Schürmann [12, Chapter 4] for the preservation of constructibility by pushforwards and pullbacks (with or without compact support) in the context of CS sets.
To fix notation: Let X be a paracompact CS set. Such spaces are Hausdorff (by definition), locally compact [5 
. Let R be a commutative Noetherian ring of finite cohomological dimension, and let E be a constant sheaf whose stalks are finitely-generated Rmodules. Letp be a GM-perversity, i.e.p(2) = 0 andp(k) ≤p(k + 1) ≤p(k) + 1. In this case the Goresky-MacPherson-Deligne sheaf is defined to be P * = τ ≤p(n) Ri n * · · · τ ≤p(2) Ri 2 * E U 2 . Let X denote the intrinsic CS set stratification of X, which coarsens X (every stratum of X is contained in a stratum of X), and let P * be the analogous (p, E)-Deligne sheaf with respect to X. For sheaf complexes, the symbol ∼ = denotes isomorphism in the derived category, i.e. quasi-isomorphism.
Theorem 0.1. P * is quasi-isomorphic to P * . Consequently the Deligne sheaves with respect to any two CS set stratifications are quasi-isomorphic.
Proof. By [1, Corollary V.4.5], P * is characterized uniquely up to quasi-isomorphism by the axioms AX1'(X), which will be be recalled below as we show that P * also satisfies them. This corollary in [1] , together with the equivalence of Ax1 and Ax1' that implies it, are technically proven in [1] under the assumption that the underlying space is a pseudomanifold but the arguments hold as well for CS sets. This uses that the strata of X and X are manifolds by definition and that if j is an inclusion of a locally closed subset that is a union of strata then j * , j ! , j ! , and Rj * all preserve constructibility by [12, Proposition 4.0. We now check that P * satisfies the three axioms Ax1'(X), which will suffice: 1. P * is bounded, P i = 0 for i < 0, P * | X−X n−2 ∼ = E, and P * is X-clc: The first two statements are immediate from the definition of P * . By construction P * X−X n−2 ∼ = E and X − X n−2 ⊃ X − X n−2 . Finally, P * is X-clc (i.e. its cohomology stalks are constant on the strata of X) because it is X-clc and each stratum of X is contained in a stratum of X.
If
Here f x : {x} ֒→ X andq(k) = k −p(k) − 2. By the growth condition onp and since ℓ ≤ k,p(k) −p(ℓ) ≤ k − ℓ, so n − ℓ +p(ℓ) + 2 ≥ n − k +p(k) + 2 = n −q(k) and it suffices to demonstrate the vanishing for j < n − ℓ +p(ℓ) + 2.
Let U ∼ = R n−ℓ × cL be a distinguished neighborhood of x in the X stratification. As all computations are local we may abuse notation, letting U = R n−ℓ × cL and letting P * also denote its pullback to this product neighborhood, which remains constructible. Let π 1 : R n−ℓ ×cL → R n−ℓ and π 2 : R n−ℓ ×cL → cL be the projections, and let s : cL ֒→ {y}×cL be the inclusion. By [10, Proposition 2.7.8] (letting the Y n there be close balls in R n−ℓ ), P * ∼ = π * 2 Rπ 2 * P * . So letting R A denote the constant R sheaf on the space A, we have
Now let x = (y, v) with f y : {y} ֒→ R n−ℓ and f v : {v} ֒→ cL the vertex inclusion. By [1, Remark V.10.20.c], whose hypotheses are satisfied due to the constructibility [12, Proposition
Rπ 2 * P * , we consider the Cartesian square
We have a long exact sequence [1, Section V.1.8]
Butī * Rπ 2 * P * = Rπ 2 * i * P * ; just assume P * injective and look at sections over open sets. So α is isomorphic to the attaching map
, which is an isomorphism up through degreep(ℓ) by construction. Therefore, H i f ! v Rπ 2 * P * = 0 for i ≤p(ℓ). It is also 0 in degreep(ℓ) + 1 as Hp (ℓ)+1 (cL; Rπ 2 * P * ) = Hp (ℓ)+1 R n−ℓ × cL; P * ∼ = Hp (ℓ)+1 (P * x ) = 0; the last equality by construction and the middle isomorphism by the constructibility and [12, Proposition 4.0.2.2]. So by the Künneth Theorem, H j f ! x P * = 0 for j < n − ℓ +p(ℓ) + 2 as desired.
Remark 0.2. This argument can be generalized to non-constant coefficient systems by using instead maximally coarse filtrations that are adapted to the coefficients. See [6] for details.
Remark 0.3. It is also possible to characterize axiomatically Deligne sheaves with arbitrary perversitiesp : {singular strata} → Z that in particular do not necessarily depend only on codimension [7] . The argument used above can be applied more generally to show that if X is a CS set coarsening X with respective perversitiesp X andp X , then the respective Deligne sheaves P * X,p X and P * X ,p X are quasi-isomorphic if whenever S is a stratum of X contained in the stratum S of X then we havep X (S) ≤p X (S) ≤p X (S) + codim(S) − codim(S) if S is singular and 0 ≤p X (S) ≤ codim(S) − 2 if S is regular. This generalizes recent results of Chataur, Saralegi-Aranguren, and Tanre [3] . Again, see [6] for details.
